
1 Vertical solver

In this section, we assume the horizontal discretisation terms as well as the terrain-following terms
to be known and to be discretized explicitly. Hence, we restrict ourselves to the vertical part of
the equations. According to the findings of Gassmann and Herzog (2008), the symplectic time
integration requires the following implicit weights to be used
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Collecting now all explicitly known terms (index exp) on the RHS of the prognostic equations, the
problem to solve in the vertical direction becomes
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Inserting the Exner equation into the vertical velocity equation leaves us with a coupled problem
in wn+1 and ρn+1. To boil that down to a problem in one unknown instead of two unknowns, it
is straightforward to pose the problem in terms of the unknown mass flux
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Then, the unknown vertical velocity wn+1 in the kinetic energy gradient term is replaced by
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Expressing equations (1)-(3) in the sketched manner gives
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Using now (4) to combine those equations into one for the unknown mass flux vector ~M leaves us
with
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Collecting all unknowns to the lhs and all known terms to the rhs gives the final equation to solve
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For convenience and better readability we define now the following abbreviations
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Performing the spatial discretisation, (6) yields
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Rearranging this equation gives

alMl−2 + blMl−1 + clMl + dlMl+1 + elMl+2 = Rl
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with the coefficients a− e and the auxiliary variables χ and ψ
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The upper and lower boundary condition have to be specified additionally. At the upper boundary,
a zero vertical velocity is specified. At the lower boundary, a free slip condition yields so that w
is determined explicitly by the horizonal wind and the slope of the terrain. For the parts that
arise in the divergence term this can be achieved by setting ML+1 and the contravariant metric
correction term in the contravariant vertical velocity computation at the lowest half level to zero,
which gives together the vanishing contravariant vertical velocity that accounts for a zero flux
through the lower boundary. But for the kinetic energy, we have to use wn+1

L+1 directly. This is
achieved by setting εL+1 = 0 and the rhs is modified
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For the solution of our 5-band matrix equation we use the LU decompostion. Assume that we
have the coefficients a − e as entries in the matrix A. Then the LU decomposition seeks for two
matrixes L and U which have lower or upper triangular structure, respectively, and one writes

LU ~M = A ~M = ~R = L ~Q,

where ~Q is an auxiliary solution vector. The structure of the mentioned matrices is

A =



c2 d2 e2 0 0 0 ...
b3 c3 d3 e3 0 0 ...
a4 b4 c4 d4 e4 0 ...
0 a5 b5 c5 d5 e5 0
... ... ... ... ... ... ...
... 0 0 aL−1 bL−1 cL−1 dL−1

... 0 0 0 aL bL cL


,

L =


1 0 0 0 ...
l3 1 0 0 ...
k4 l4 1 0 ...
0 k5 l5 1 ...
... ... ... ... ...



U =


u2 v2 w2 0 0 ...
0 u3 v3 w3 0 ...
0 0 u4 v4 w4 0
... ... ... ... ... ...

 .
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By comparison of coefficients one immediately finds wl = el. The other relations lead to

u2 = c2

v2 = d2

l3 = b3/u2

u3 = c3 − l3v2

v3 = d3 − l3e2

kl = al/ul−2

ll = (bl − klvl−2)/ul−1

ul = cl − klel−2 − llvl−1

vl = dl − llel−1.

Using the structure of the lower triangular matrix, the equation L ~Q = ~R can be solved for the
auxiliary vector ~Q

Q2 = R2

Q3 = R3 − l3Q2

Ql = Rl − llQl−1 − klQl−2.

As a second step, the solution for the desired mass flux vector ~M is obtained with the help of the
upper triangular matrix equation U ~M = ~Q

ML = QL/uL

ML−1 = (QL−1 − vL−1ML)/uL−1

Ml = (Ql − vlMl+1 − elMl+2)/ul.

The such obtained mass flux is then reinserted into the equations (2) and (3) in order to update
the scalar variables. The vertical velocity for the next time step is computed using (5).
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